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ABSTRACT 
We study some geometrical properties of the canonical models of bielliptic (nonhyperelliptic) 
curves of genus 3 and then we prove that the moduli space of such curves is rational. 
1. INTRODUCTION 
Let C be an irreducible, smooth, projective curve of genus g 2 3, defined over 
the complex field Q=, and let M, be the coarse moduli space of smooth curves of 
genus g. We denote by [C] the isomorphism class of C, i.e. the corresponding 
point in M,, and by 3_Ig the hyperelliptic locus in M,. It is well known that 7$ is 
an irreducible (2g - I)-dimensional subvariety of M,. We put 
MF := {[Cl E M, : C bielliptic} 
where, as it is well known, bielliptic means that C admits a degree 2 morphism 
7r : C 4 E onto an elliptic curve. We will call this morphism a bielliptic struc- 
ture on C. We recall that Mr is an irreducible (2g - 2)-dimensional subvariety 
of M, and for g = 3 it is the unique component of maximal dimension of 
Sing(Mj), the singular locus of M3 (see [6]). 
From the Castelnuovo-Severi nequality (see for instance [I, Theorem 3.51) it 
*Supported by M.U.R.S.T. National Project ‘Geometria Algebrica’ and by HCM Contract 
CHR-CT 94-0557 (A.G.E.). 
**Supported by M.U.R.S.T. National Project ‘Geometria Algebrica’. 
183 
follows immediately that if g 2 6, then C admits precisely one bielliptic struc- 
ture, but if g 5 5, bielliptic curves carrying more than one bielliptic structure 
may exist. A bielliptic curve of genus g 2 4 can not be hyperelliptic (again by 
the Castelnuovo-Severi nequality) and the geometry of its canonical model is 
quite well known (see for instance [7] and for the study of the Weierstrass points 
when g > 6 see [3]). 
It is also known that M$ is rational for g = 4 and 5 (see [4] and [5] respec- 
tively). 
The aim of this paper is to show some geometrical properties of the canoni- 
cal model of a bielliptic nonhyperelliptic genus 3 curve, focusing on the ramifi- 
cation points of x and bitangents (see Theorem 2.9, and then to prove our main 
result 
Theorem 1.1. My is rational. 
For this we proceed as follows. In Section 2 we will see that, once a bielliptic 
structure on C is fixed, there is a distinguished equation for the canonical 
model of C, preciselyf = 0 where 
with fj(xr , x2), j = 2,4, a binary form of degree j and a is a nonzero constant. 
Let L be the subspace of S4(C3)* of the forms (1.2) when we allow the coeffi- 
cient a to be zero, then we have the birational equivalence My M L/G, where G 
is a suitable subgroup of GL(3). Hence the rationality of My follows by show- 
ing the rationality of the quotient on the right. To this end we find a (G,N)- 
section Z of L where N is a certain subgroup of G, see Section 3, so that 
L/G M Z/N, and we show that Z/N is rational by a direct computation. 
We like to remark that the question of the rationality of Mr for g >_ 6 is still 
open and it seems, at least to our knowledge, rather difficult. Notice that for 
g = 4,5, as well as in the present case, the rationality of MF has been proved by 
using the fact that for these values of the genus the canonical curve is a com- 
plete intersection. 
In the following, by ‘generic’ we mean ‘outside a Zariski closed set’ and we 
use the symbol N for isomorphisms, the symbol x for birational isomorphisms. 
2. THE CANONICAL MODEL 
Let C be a bielliptic curve of genus 3 and let 7r : C + E be a bielliptic structure 
on C. We denote by i, the element of Aut( C) which interchanges the sheets of X, 
so that E 2~ C/ < i, >. We will call i, the elliptic involution on C corresponding 
to 7r. 
From [6, Theorem l] we have immediately: 
Proposition 2.0. The generic bielliptic curve of genus 3 carries exactly one bi- 
elliptic structure. 
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Now we have: 
Proposition 2.1. The following hold: 
(i) [C] E My n X3 if and only ifC is a double covering of a genus 2 curve, 
(ii) Mi” n X3 is an irreducible, codimension 1, rational subvariety of My. 
Proof. Suppose that [C] E My n ‘FI3 and let i, be an elliptic involution on C. 
The hyperelliptic involution on C commutes with i, (see [2], Chapter I, ex. F-3) 
and then the two involutions generate a subgroup of Aut(C) isomorphic to 
Z2 x Z2. By applying [I, Theorem 5.91 we get that C is a double covering of a 
genus 2 curve. 
The converse follows by [l, Lemma 5.101 (see also [6, proof of Corollary 11) 
and (i) is completely proved. 
Now we prove (ii). From (i) it follows that My n X3 is birationally iso- 
morphic to R2, the coarse moduli space of smooth curve of genus 2 together 
with a nontrivial divisor class of order 2 (or a nontrivial half-period). Since R2 
is an irreducible, 3-dimensional, rational variety (see for instance [9, 
Section IO]), (ii) is proved. q 
Corollary 2.2. Let Q be a smooth plane quartic. Suppose that there exist u E 
Aut(Q) such that a2 = 1. Then Q is the canonical model of a bielliptic curve of 
genus 3. 
Example 2.3. The smooth plane quartic represented by 
K : xix, + x:x2 + x:x0 = 0 
is called the Klein quartic. It is well known that Aut(K) has order 168 and is 
isomorphic to PSL(2,7). Since PSL(2,7) contains 21 elements of order 2 (see for 
instance [15]), from Corollary 2.2, it follows that the Klein quartic carries 
exactly 21 bielliptic structures. 
To each bielliptic structure rr : C --f E one can associate its branch locus B c E, 
which is an effective divisor of degree 4 without multiple points, and a half A of 
the divisor class of B, i.e. a line bundle A on E such that do2 % OE(B). More- 
over the data of {E, d, B} determines C uniquely up to isomorphisms. We recall 
also that there is a natural decomposition 
(2.4) H”(C, 0~) E H”(E, 0~) $ I-I’@, A). 
Suppose that C is not hyperelliptic so that its canonical model C? is a smooth 
plane quartic. 
The isomorphism (2.4) implies that IO,]* and ]A(* can be identified respec- 
tively with a point 0, and a line & in the projective plane I@(*. Let 4 : C + 
IOcl* be the canonical embedding and let $ : E -+ I&j* be the map associated 
to the linear system ]A( via the above identification: II, maps the elliptic curve E 
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two to one onto & with branch locus {Qt , . . . , (22). We put {PI,. . . , Pd} = 
~(~-yB)) c c. 
To state the main result of this section we need some recall on Weierstrass 
points and to introduce some terminology. 
A hyperfex of C is a point P E C such that hO(Oc(4P)) = 3, i.e. P is a 
Weierstrass point of weight 2. Let 
V = {[Cl E Ms\‘FIs : C has at least one hyperflex}. 
V is an irreducible Sdimensional subvariety of M3 (see [14, Chapter I, Propo- 
sition 4.91 or [ll, p. 3341 and if [C] is generic in V then C has exactly one hy- 
perflex (see [14, Corollary 9.51 or [ll, p. 3361). Moreover [K] $! V n My (see [14, 
Theorem 8.6 and Table 8.71 or [I, p. 521). 
A point P E C is called a second order Weierstrasspoint if there exists on C a 
quadratic differential that vanishes of order at least 6 at P (see [l, page 171). 
Among these points there are the ‘usual’, or first order, Weierstrass points of C. 
The second order Weierstrass points which are not first order, are called 
proper second order Weierstrass points. 
Finally we recall that the Steinerian St(Q) of a quartic curve Q c P2 is the 
locus of those points a E P2 such that the first polar P,(Q) of Q with respect o a 
is singular (see [lo]). 
Now we can state the following 
Theorem 2.5. Let C be a bielliptic (nonhyperelliptic) curve of genus 3, then the 
following hold: 
(i) for any bielliptic structure T : C -+ E and B, A as above, we have that 
{PI,. . , , Pd} c t, and the tangent lines to C at these points all pass through the 
samepoint O,, 
(ii) either (a): {PI,. . . , Pd} n {Ql, . . . , Qd} = 0 and then all the points 
PI,... , P4 are proper second order Weierstrass points and there are 4 (proper) 
bitangents to C, say t,i, i = 1,. . . ,4, all passing through 0, and such that the 
pointsQi=t,,in&,i=l,..., 4, are the branch points of $ (and this is the gen- 
eral case), or (b): {PI,. . . , P4) n {Ql, . . . , Q4) # 0 and then Pi = Qi, for some 
i= l,... ,4, is a hyperpex of C, 
(iii) in case (a) thepoint 0, is one of the 2 1 nodes of the Steinerian of Cand C, is 
the line component of thefirstpolar of C with respect o 0,. 
Proof. It is clear from (2.4) and what we said above that the elliptic involution 
i, is induced on C precisely by the involutory (and then harmonic) homology of 
center 0, and axis C,. By taking into account the action of PGL(3), we may in- 
troduce in the projective plane Is2c]* a system of homogeneous projective co- 
ordinates, say (x0, XI, x2), in such a way that 0, f (1, 0, 0), & is given by x0 = 0, 
and that ~6 = --x0, XI = xi, X; = x2 are equations for the above (O,,&)- 
homology. 
From this it follows in particular that an equation of C can be written f = 0 
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where f is as in (1.2). By looking at f as a polynomial in the indeterminate x0 
and considering its discriminant D(f) ( i.e. its resultant with f ‘) we get: 
(2.6) D(f) = 16a2f4(f,2 - 4af4)2. 
This shows that the projection of C from 0, onto & gives the g: which is the 
lifting, under R, of the gi = IA\ on E and in particular that (i) holds. 
Again from (2.6) it follows that P E {Pi, . . . , P4} is a hyperflex if and only if 
P= Qj, for somej= i,..., 4. So if P is not a hyperflex, by Riemann-Roth 
theorem, we have h”(.r;ZF2( -5P)) = 1, hence there is a nonzero quadratic dif- 
ferential n on C whose effective divisor D dominates 5P. Since D must be in- 
variant under i,, the differential q vanishes of order at least 6 at P. Therefore P 
is a second order Weierstrass point. This proves (ii). 
Now we prove (iii). It is known (see [lo, Section 61 and the reference quoted 
there) that, for a general Q, the curve St(Q) is irreducible of degree 12 with 24 
cusps and 21 nodes, the latter corresponding bijectively to the polars P,(Q) 
which are union of a line and a conic meeting transversally. We notice that this 
fact holds also for the canonical curve of a bielliptic curve with general bi- 
elliptic structures (in the sense of (ii), (a)); in fact, since it holds for the Klein 
quartic curve (see again [lo, Section 61) it is enough to remember that this curve 
is bielliptic and has not hyperflexes. 
Now the first polar of C with respect to 0, - (1, 0,O) is given by 
2x0(2& +f2) = 0, 
so it is the union of the line (x0 = 0) and of the irreducible conic (2~4 + f2 = 0). 
Hence, by the above, the point 0, and the line $ are respectively one of the 21 
nodes of St(Q) and the line component of the first polars of Q with respect to 
the point 0,. q 
We notice that results similar to (i) and (ii) hold for the plane models of mini- 
mal degree of bielliptic curves of genus g 2 4 (see [8]). 
Remark 2.7. The structure of the group Aut(K) N PSL(2,7) is well known (see 
for instance [El). In particular it contains a set of 14 subgroups isomorphic to 
the dihedral group D2, divided into two classes of 7 conjugated groups (this can 
be also easily checked by a computer). From this and Theorem 2.5 we deduce 
the following nice configuration, which doe&t seem to be classically known, at 
least to our knowledge: the 84 proper second order Weierstrass point of K are 
distributed 4 by 4 on the edges of 7 triangles whose vertexes are the 21 double 
points of the Steinerian of K in such a way that the tangents lines to K at the 
points of each set of 4, all pass through the same (opposite) vertex, and each of 
the 28 bitangents of K contains exactly 3 vertexes. 
3. THE RATIONALITY OF Mte 
First of all we remark that from Corollary 2.2 it follows that any smooth plane 
187 
quartic Frepresented by an equation of typef = 0 withfas in (1.2), is the ca- 
nonical model of a bielliptic nonhyperelliptic genus 3 curve. 
Let L be the subspace of S4(C3)* of forms as in (1.2) where we allow the 
coefficient a to be zero. So by the above remark and what we said in the previous 
section it follows that MF z L/G 
where 
G:={(i ; g)},,,,,. 
Proof of Theorem 1.1. It is clear that the theorem will follow by proving the 
rationality of the quotient L/G. 
Let G be an algebraic group acting on a variety X and let N c G be a sub- 
group. An irreducible subvariety Y C X is called a (G, N)-section, or a slice of 
X (see [12] or [93), if the following hold: 
(i) the G-orbits of the points of Y form a dense subset of X, 
(ii) if y E Y, g E N then g(y) E Y, 
(iii) there is an open subvariety Y’ C Y such that ify E Y’ and g E G implies 
g(y) E Y, then g E N. 
Notice that if Y is a (G, N)-section of X, then X/G M Y/N (see [12] or [9]). 
Let 
Z := {aixi + aldxixz + 4x; + a4xix2 + a54xi + a6xlxi + ~27~;) C L 
and let 
N:=NOuN;cG 
where 
{i )I 
o 0 0 
No := 0 P 0 c GL(3) 
0 0 & 
K )i 
Q 0 0 
N; := 0 0 P c GL(3). 
0 & 0 
We have that Nd = NO < m >, where 
( ) 
1 0 0 
m= 0 0 1 
0 1 0 
and < m > denotes the subgroup of GL(3) generated by m. 
It is easy to see that Z is a (G, N)-section of L so that L/G zz Z/N. 
Let @(Z)N be the field of N-invariant rational functions on Z, then we have 
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qzy = (C(.zyy? 
Since NO is a torus, @(Z)‘vo is generated by the No-invariant monomials in the 
ai’s with integrals coefficients (see for instance [12, page 1631). 
By taking into account the action of No we get that a monomial n;= 1 (a?) is 
No-invariant if and only if the following holds: 
(3.1) 
( 
4k, + 2k2 = 0 
kZ + 4k3 + 3k4 + 2ks + kg = 0 
kz + kq + 2ks + 3k6 + 4k7 = 0. 
To find a basis for the Z-module r of integral solutions of (3.1) we apply the 
theorem of elementary divisors (see for instance 1131). After some computation 
we get the following (suitable) basis for r: 
(-1,2,1,-2,0,0,0);(1,-2,0,0,1,0,0);(2,-4,0,1,0,1,0);(2,-4,1,0,0,0,1). 
We define 
a& alaS 
WI =7,w2= 
a+446 
ala4 
7,w3=- , W4 = 
+3a7 
a2 a! a; 
So, by the above, we have that 
a=(z)No = a=(Wl,W2,W3rW4). 
Therefore 
a=(z)N = c(wl, w2,‘d3, WC,)-. 
Now we notice that ~2, ~3, w4 are < m >-invariant, while m(wl) = a$q/qa~. 
Hence, after setting w5 = WI + m(wl), since 
WY - WlW5 + w4w32 = 0 
we have that [@(W1,W2,W3,W4) : ~(w2,w),k&$,w5)] = 2. 
This implies 
c(-@ = @(W2, W3, W4,w5). 
So Z/N is rational and Theorem 1.1 is proved. 0 
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